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Abstract
It is generally well understood the legitimate action of the Moisil-Theodoresco ope-
rator, over a quaternionic valued function defined on R3 (sum of a scalar and a vector
field) in Cartesian coordinates, but it does not so in any orthogonal curvilinear coordi-
nate system. This paper sheds some new light on the technical aspect of the subject.
Moreover, we introduce a notion of quaternionic Laplace operator acting on a quater-
nionic valued function from which one can recover both scalar and vector Laplacians
in vector analysis context.
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1 Introduction.
The Moisil-Theodoresco operator (a determined first-order elliptic system to be defined be-
low) is nowadays considered to be a good analogue of the usual Cauchy-Riemann operator
of complex analysis to the quaternionic setting. It is a square root of the scalar Laplace
operator in R3. The consideration of the Moisil-Theodoresco operator was the starting point
in the development of the hyperholomorphic function theory, see [4] and [17].
In recent times, the theory of hyperholomorphic quaternion-valued functions has been
developed along many interesting directions, including the treatment of several problems
from mathematical physics with quaternionic analysis techniques, in particular the Lame´-
Navier system from the theory of elasticity. See for instance [6], [7], [8], [9] and [18].
It is generally well understood the legitimate action of the Moisil-Theodoresco opera-
tors, over a quaternionic valued function defined on R3 (sum of a scalar and a vector field)
in Cartesian coordinates, but it does not so in any orthogonal curvilinear coordinate sys-
tem. This work is intended to derive the explicit expressions for such operator in a general
orthogonal curvilinear coordinate system.
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It is worth pointing out that the product of the Moisil-Theodoresco operator with its
adjoint produces and elliptic (but not strongly elliptic) operator in R3, which can be see as
a generalization of the Bitsadze operator to the space R3, see [2], [3] and [23].
The term quaternionic analysis is a generalization or extension of complex analysis for
holomorphic functions depending on one complex variable, where the latter means function
theory for complex-valued functions in one complex variable.
The class of functions belonging to the kernel of the Moisil-Theodoresco operator enjoys
many satisfactory properties and strategies similarly to holomorphic functions with results
known from vector analysis.
Vector analysis is a classical subject dealing with those aspects of vectors which are
usually confined to three dimensional Euclidean space. Vector multiplication is not uniquely
defined, such as the scalar and vector products. The last is not associative without unit.
It is customary to think of a pure quaternion as a vector, although there are reasons why
this is quite wrong. In quaternionic system the multiplication conjugates both the scalar
and vector products, meanwhile in vector system they remain independently. For a deeper
discussion of the differences in the multiplication proprieties of two pure quaternions and
two vectors we refer the reader to [15].
The study of quaternionic analysis in a Euclidean setting and Cartesian coordinates has
grown into several major research fields, including many applications to other branches of
mathematics, physical sciences, and engineering. For a thorough treatment of the subject
can be found in [12] and [13] and the references given there.
At the same time, a closer examination reveals that, surprisingly for us, the definite
meaning of the Moisil-Theodoresco operator acting on a quaternionic valued function defined
on R3 (sum of a scalar and a vector fields) in any orthogonal curvilinear coordinate system
greatly differ from an approach within the framework of Cartesian coordinates. The purpose
of the present work is to describe these subtle differences. The authors are not aware that
the results of this paper can be found in the literature.
For the applications, we consider the relation of the Laplace operator and the product
of the Moisil-Theodoresco operator with itself and so with its adjoint to the equilibrium
of an isotropic elastic body in R3. Along the way a formula for the Lame´ operator in any
orthogonal curvilinear coordinate system is obtained.
2 Preliminaries
In this section, we provide standard facts from classical quaternionic analysis to be used in
this paper. For more information, we refer the reader to [13].
Let H(C) be the set of complex quaternions, i.e., that each quaternion a is represented
in the form a =
∑3
k=0 akik, with {ak} ⊂ C; i0 = 1 stands for the unit and i1, i2, i3 stand for
the quaternionic imaginary units. Denote the complex imaginary unit in C by i as usual.
By definition, i commutes with all the quaternionic imaginary units i1, i2, i3.
The set H(C) is a complex non-commutative, associative algebra with zero divisors. The
involution a→ a¯, called quaternionic conjugation, is defined by
a¯ :=
3∑
k=0
ak · i¯k = a0 −
3∑
k=1
ak · ik.
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It satisfies ab = b¯a¯. The Euclidean norm |a| in H(C) is defined by |a| :=
√∑3
k=0|ak|
2.
Writing for a =
∑3
k=0 akik ∈ H(C), a0 =: Sc(a), ~a :=
∑3
k=1 akik =: Vec(a), we have
a = a0 + ~a. We call a0 the scalar part of the complex quaternion a and ~a the vector part of
a. Then {Vec(a) : a ∈ H(C)} is identified with C3. This enables us to write a¯ = Sc(a)− ~a.
For any a, b ∈ H(C):
a b := a0 b0 − 〈~a,~b〉+ a0~b+ b0 ~a + [~a,~b],
where
〈~a,~b〉 :=
3∑
k=1
ak bk, [~a,~b] :=
∣∣∣∣∣∣
i1 i2 i3
a1 a2 a3
b1 b2 b3
∣∣∣∣∣∣ .
In particular, if a0 = b0 = 0 then a b := −〈~a,~b〉+ [~a,~b].
Denote by S the set of zero divisors from H(C) and by GH(C) the subset of invertible
elements from H(C). If a /∈ S∪{0} then a−1 :=
a¯
(aa¯)
is the inverse of the complex quaternion
a. Note that GH(C) = H(C) \ (S ∪ {0}).
Let Ω be a domain in R3. On C1(Ω;H(C)) the Moisil-Theodoresco operator, denoted by
DMT , is defined to be:
DMT [f ] := i1
∂f
∂x
+ i2
∂f
∂y
+ i3
∂f
∂z
. (1)
Notice that DMT factorizes the scalar Laplacian as follows:
−D2MT = ∆R4 , (2)
which implies several advantages in the applications to physical problems.
The operator ∆R4 is a scalar operator, its acts separately on every coordinate function
fk of f as
∆R4 [f ] := ∆[f0] + i1∆[f1] + i2∆[f2] + i3∆[f3].
This property guarantees that any hyperholomorphic function is also harmonic.
Note that for an H(C)-valued function f := f0 + ~f the action of the operator DMT can
be represented as follows
DMT [f ] = −div[~f ] + grad[f0] + curl[~f ]. (3)
This is an immediate consequence of the quaternionic product.
As usual, the Moisil-Theodoresco operator can act on the right in which case the notation
DrMT [f ] for the same f = f0 +
~f means that:
DrMT [f ] :=
∂f
∂x
i1 +
∂f
∂y
i2 +
∂f
∂z
i3. (4)
Furthermore, consider the determined non-homogeneous first-order elliptic system{
div[~f ] = g0,
grad[f0] + curl[~f ] = ~g,
(5)
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and also its adjoint {
div[~f ] = 0,
grad[f0]− curl[~f ] = 0,
(6)
which correspond to the Moisil-Theodoresco operator DMT and D
r
MT , respectively. If (f0,
~f)
associates with the H(C)-valued function f := f0 + ~f , then (f0, ~f) satisfies systems (5) and
(6) are equivalent to f satisfying the equations
DMT [f ] = g,
where g := g0 + ~g and
DrMT [f ] = 0,
respectively. A. Dzhuraev considers in his book [3] the following matrix differential operator
named also Moisil-Theodoresco operator(
0 div
grad curl
)
, (7)
whose action can be identify with the negative quaternionic conjugated to DMT .
3 The Moisil-Theodoresco operator in general orthog-
onal curvilinear coordinates
Let x, y and z represent the Cartesian coordinates in R3, with the corresponding orthonormal
basis {i1, i2, i3}. We assume that q1, q2, q3 are general orthogonal curvilinear coordinates
defined via three invertible and continuously differentiable transformation functions
x = x(q1, q2, q3), y = y(q1, q2, q3), z = z(q1, q2, q3).
Each system is characterized by the metric coefficients:
hi =
√(
∂x
∂qi
)2
+
(
∂y
∂qi
)2
+
(
∂z
∂qi
)2
, i = 1, 2, 3, (8)
and the unit vectors u1 , u2 , and u3 can be obtained as follows:
ui =
1
hi
(
∂x
∂qi
i1 +
∂y
∂qi
i2 +
∂z
∂qi
i3
)
, i = 1, 2, 3. (9)
By abuse of notation, we continue to write a quaternionic-valued function f in orthogonal
curvilinear coordinates in the following way:
f = f0 + ~f = f0 + f1 u1 + f2 u2 + f3 u3. (10)
It is known (see, e.g. [1], [5], [19], [20] and [24]) that the vectorial operations gradient,
divergence and curl in orthogonal curvilinear coordinates can be expressed in terms of the
metric coefficients and take the following form:
grad[f0] =
1
h1
∂f0
∂q1
u1 +
1
h2
∂f0
∂q2
u2 +
1
h3
∂f0
∂q3
u3, (11)
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div[~f ] =
1
h1h2h3
[
∂(h2h3f1)
∂q1
+
∂(h1h3f2)
∂q2
+
∂(h1h2f3)
∂q3
]
, (12)
and
curl[~f ] =
1
h2h3
[
∂(h3f3)
∂q2
−
∂(h2f2)
∂q3
]
u1 +
1
h1h3
[
∂(h1f1)
∂q3
−
∂(h3f3)
∂q1
]
u2
+
1
h1h2
[
∂(h2f2)
∂q1
−
∂(h1f1)
∂q2
]
u3. (13)
Then, the Moisil-Theodoresco operator for a quaternionic-valued function in orthogonal
curvilinear coordinates is defined by:
DMT [f ] = −div[~f ] + grad[f0] + curl[~f ]
= −
1
h1h2h3
[
∂(h2h3f1)
∂q1
+
∂(h1h3f2)
∂q2
+
∂(h1h2f3)
∂q3
]
+
{
1
h1
∂f0
∂q1
+
1
h2h3
[
∂(h3f3)
∂q2
−
∂(h2f2)
∂q3
]}
u1,
+
{
1
h2
∂f0
∂q2
+
1
h1h3
[
∂(h1f1)
∂q3
−
∂(h3f3)
∂q1
]}
u2,
+
{
1
h3
∂f0
∂q3
+
1
h1h2
[
∂(h2f2)
∂q1
−
∂(h1f1)
∂q2
]}
u3. (14)
3.1 Scalar versus vector Laplacian
The action of the vector Laplacian is reminiscent of the action of scalar Laplacian. Whereas
the scalar Laplacian applies to a scalar field and returns a scalar quantity, the vector Lapla-
cian applies to a vector field, returning a vector quantity. In orthonormal Cartesian coordi-
nates, the returned vector field is equal to the vector field of the scalar Laplacian acting on
each Cartesian component of the vector field separately. Meanwhile, in general orthogonal
curvilinear coordinates they are two entirely different operators. In recent developments,
authors (see [10], [11], [19], [20], [22] and [24]) have been studied extensively the general
expressions of the vector Laplacian in in orthogonal curvilinear coordinates.
In this way vector analysis in general curvilinear coordinates systems contains two Lapla-
cian operators neither of which can be applied to either scalar or vector fields. At the same
time quaternion-valued functions defined in R3 can be identified with a sum of a scalar and
vector field, what would be impossible in vector calculus. Based on this fact naturally raise
the question of whether or not a quaternionic Laplacian could be defined. In that respect
we define on C2(Ω;H(C)) the following operator
∆H[f ] := ∆0[f0] + ~∆[~f ], (15)
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where
∆0[f0] : = div[grad[f0]]
=
1
h1h2h3
[
∂
∂q1
(
h2h3
h1
∂f0
∂q1
)
+
∂
∂q2
(
h1h3
h2
∂f0
∂q2
)
+
∂
∂q3
(
h1h2
h3
∂f0
∂q3
)]
, (16)
and
~∆[~f ] : = grad[div[~f ]]− curl[curl[~f ]]
=
{
1
h1
∂
∂q1
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
1
h1
∂
∂q1
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
1
h1
∂
∂q1
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
−
1
h2h3
∂
∂q2
[
h3
h1h2
∂(h2f2)
∂q1
]
+
1
h2h3
∂
∂q2
[
h3
h1h2
∂(h1f1)
∂q2
]
+
1
h2h3
∂
∂q3
[
h2
h1h3
∂(h1f1)
∂q3
]
−
1
h2h3
∂
∂q3
[
h2
h1h3
∂(h3f3)
∂q1
]}
u1
+
{
1
h2
∂
∂q2
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
1
h2
∂
∂q2
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
1
h2
∂
∂q2
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
−
1
h1h3
∂
∂q3
[
h1
h2h3
∂(h3f3)
∂q2
]
+
1
h1h3
∂
∂q3
[
h1
h2h3
∂(h2f2)
∂q3
]
+
1
h1h3
∂
∂q1
[
h3
h1h2
∂(h2f2)
∂q1
]
−
1
h1h3
∂
∂q1
[
h3
h1h2
∂(h1f1)
∂q2
]}
u2
+
{
1
h3
∂
∂q3
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
1
h3
∂
∂q3
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
1
h3
∂
∂q3
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
−
1
h1h2
∂
∂q1
[
h2
h1h3
∂(h1f1)
∂q3
]
+
1
h1h2
∂
∂q1
[
h2
h1h3
∂(h3f3)
∂q1
]
+
1
h1h2
∂
∂q2
[
h1
h2h3
∂(h3f3)
∂q2
]
−
1
h1h2
∂
∂q2
[
h1
h2h3
∂(h2f2)
∂q3
]}
u3, (17)
Notice that the operator ~∆ is independent of the choice of the coordinate system. In this
way we obtain what we shall call the quaternionic Laplace operator in general orthogonal
curvilinear coordinates.
A short calculation shows that the Moisil-Theodoresco operator factorize the quaternionic
Laplacian in orthogonal curvilinear coordinates as follows:
D2MT [f ] = −∆H[f ]. (18)
On the other hand, we introduce an elliptic (but not strongly elliptic) operator in R3,
which can be see as a generalization of the Bitsadze operator to the space R3 (see [2], [3]
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and [23]) as the vector part of the following opertator:
∆˜H[f ] := ∆0[f0] + ~˜∆[~f ], (19)
where
~˜∆[~f ] : = grad[div[~f ]] + curl[curl[~f ]]
=
{
1
h1
∂
∂q1
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
1
h1
∂
∂q1
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
1
h1
∂
∂q1
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
+
1
h2h3
∂
∂q2
[
h3
h1h2
∂(h2f2)
∂q1
]
−
1
h2h3
∂
∂q2
[
h3
h1h2
∂(h1f1)
∂q2
]
−
1
h2h3
∂
∂q3
[
h2
h1h3
∂(h1f1)
∂q3
]
+
1
h2h3
∂
∂q3
[
h2
h1h3
∂(h3f3)
∂q1
]}
u1
+
{
1
h2
∂
∂q2
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
1
h2
∂
∂q2
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
1
h2
∂
∂q2
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
+
1
h1h3
∂
∂q3
[
h1
h2h3
∂(h3f3)
∂q2
]
−
1
h1h3
∂
∂q3
[
h1
h2h3
∂(h2f2)
∂q3
]
−
1
h1h3
∂
∂q1
[
h3
h1h2
∂(h2f2)
∂q1
]
+
1
h1h3
∂
∂q1
[
h3
h1h2
∂(h1f1)
∂q2
]}
u2
+
{
1
h3
∂
∂q3
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
1
h3
∂
∂q3
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
1
h3
∂
∂q3
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
+
1
h1h2
∂
∂q1
[
h2
h1h3
∂(h1f1)
∂q3
]
−
1
h1h2
∂
∂q1
[
h2
h1h3
∂(h3f3)
∂q1
]
−
1
h1h2
∂
∂q2
[
h1
h2h3
∂(h3f3)
∂q2
]
+
1
h1h2
∂
∂q2
[
h1
h2h3
∂(h2f2)
∂q3
]}
u3, (20)
It turns out that it is also possible to factorize the operator ∆˜H in the following manner:
DMTD
r
MT [f ] = −∆˜H[f ]. (21)
As we will see below, this operator is related to the equilibrium of an isotropic elastic body
(see [16]).
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4 Examples
4.1 Cartesian coordinates
For Cartesian coordinates one has h1 = h2 = h3 = 1 and u1 = i1, u2 = i2 u3 = i3. Hence,
the Moisil-Theodoresco operator takes the form:
DMT [f ] = −
{
∂f1
∂x
+
∂f2
∂y
+
∂f3
∂z
}
+
{
∂f0
∂x
+
∂f3
∂y
−
∂f2
∂z
}
i1
+
{
∂f0
∂y
+
∂f1
∂z
−
∂f3
∂x
}
i2
+
{
∂f0
∂z
+
∂f2
∂x
−
∂f1
∂y
}
i3. (22)
The scalar Laplacian is:
∆0[f0] =
∂2f0
∂x2
+
∂2f0
∂y2
+
∂2f0
∂z2
, (23)
and the vector Laplacian:
~∆[~f ] =
{
∂2f1
∂x2
+
∂2f1
∂y2
+
∂2f1
∂z2
}
i1
+
{
∂2f2
∂x2
+
∂2f2
∂y2
+
∂2f2
∂z2
}
i2
+
{
∂2f3
∂x2
+
∂2f3
∂y2
+
∂2f3
∂z2
}
i3. (24)
The previous equation could make us get the wrong idea that the action of the vector
Laplacian is the action of the scalar Laplacian component by component, nevertheless this
happens only for the case of the Cartesian coordinates and in any other orthogonal curvilinear
system the result is totally different as we will see in the next example.
The generalization of the Bitsadze operator to the space R3 in Cartesian coordinates is:
~˜∆[~f ] =
{
∂2f1
∂x2
−
∂2f1
∂y2
−
∂2f1
∂z2
+ 2
∂2f2
∂x∂y
+ 2
∂2f3
∂x∂z
}
i1
+
{
−
∂2f2
∂x2
+
∂2f2
∂y2
−
∂2f2
∂z2
+ 2
∂2f1
∂x∂y
+ 2
∂2f3
∂y∂z
}
i2
+
{
−
∂2f3
∂x2
−
∂2f3
∂y2
+
∂2f3
∂z2
+ 2
∂2f1
∂x∂z
+ 2
∂2f2
∂y∂z
}
i3. (25)
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4.2 Spherical coordinates
In spherical coordinates:
x = r sin θ cosψ,
y = r sin θ sinψ,
z = r cos θ,
where 0 ≤ r <∞, 0 ≤ θ ≤ π and 0 ≤ ψ < 2π.
Then the metric coefficients are h1 = 1, h2 = r and h3 = r sin θ; while the unit tangent
vectors to the orthogonal coordinate curves are u1 = sin θ cosψi1 + sin θ sinψi2 + cos θi3,
u2 = cos θ cosψi1 + cos θ sinψi2 − sin θi3 and u3 = − sinψi1 + cosψi2.
Hence, the Moisil-Theodoresco operator in spherical coordinates takes the form:
DMT [f ] = −
{
∂f1
∂r
+
2
r
f1 +
1
r
∂f2
∂θ
+
cot θ
r
f2 +
1
r sin θ
∂f3
∂ψ
}
+
{
∂f0
∂r
+
1
r
∂f3
∂θ
+
cot θ
r
f3 −
1
r sin θ
∂f2
∂ψ
}
u1
+
{
1
r
∂f0
∂θ
+
1
r sin θ
∂f1
∂ψ
−
∂f3
∂r
−
1
r
f3
}
u2
+
{
1
r sin θ
∂f0
∂ψ
+
∂f2
∂r
+
1
r
f2 −
1
r
∂f1
∂θ
}
u3. (26)
The escalar Laplacian is:
∆0[f0] =
∂2f0
∂r2
+
2
r
∂f0
∂r
+
1
r2
∂2f0
∂θ2
+
cot θ
r2
∂f0
∂θ
+
1
r2 sin2 θ
∂2f0
∂ψ2
, (27)
and the vector Laplacian:
~∆[~f ] =
{
∂2f1
∂r2
+
2
r
∂f1
∂r
−
2
r2
f1 +
1
r2
∂2f1
∂θ2
+
cot θ
r2
∂f1
∂θ
+
1
r2 sin2 θ
∂2f1
∂ψ2
−
2
r2
∂f2
∂θ
−
2 cot θ
r2
f2 −
2
r2 sin θ
∂f3
∂ψ
}
u1
+
{
∂2f2
∂r2
+
2
r
∂f2
∂r
−
1
r2 sin2 θ
f2 +
1
r2
∂2f2
∂θ2
+
cot θ
r2
∂f2
∂θ
+
1
r2 sin2 θ
∂2f2
∂ψ2
+
2
r2
∂f1
∂θ
−
2 cot θ
r2 sin θ
∂f3
∂ψ
}
u2
+
{
∂2f3
∂r2
+
2
r
∂f3
∂r
−
1
r2 sin2 θ
f3 +
1
r2
∂2f3
∂θ2
+
cot θ
r2
∂f3
∂θ
+
1
r2 sin2 θ
∂2f3
∂ψ2
+
2
r2 sin θ
∂f1
∂ψ
+
2 cot θ
r2 sin θ
∂f2
∂ψ
}
u3. (28)
We must emphasize here that, unlike what one can think naturally, the components of
the previous operator are different than the scalar Laplace operator (there are several extra
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terms) and this happens for any orthogonal curvilinear coordinate system different from the
Cartesian system.
In [19] it is shown an example where one can see how the solutions can change if one uses
the scalar Laplacian instead of the vector Laplacian for the case of the current distribution
for skin effect and for induction heating, one employing the zero-order Bessel function while
the other uses the first-order Bessel function.
Finally, generalization of the Bitsadze operator to the space R3 in spherical coordinates
is:
~˜∆[~f ] =
{
∂2f1
∂r2
+
2
r
∂f1
∂r
−
2
r2
f1 −
1
r2
∂2f1
∂θ2
−
cot θ
r2
∂f1
∂θ
−
1
r2 sin2 θ
∂2f1
∂ψ2
+
2 cot θ
r
∂f2
∂r
+
2
r
∂2f2
∂r∂θ
+
2
r sin θ
∂2f3
∂r∂ψ
}
u1
+
{
−
∂2f2
∂r2
−
2
r
∂f2
∂r
−
1
r2 sin2 θ
f2 +
1
r2
∂2f2
∂θ2
+
cot θ
r2
∂f2
∂θ
−
1
r2 sin2 θ
∂2f2
∂ψ2
+
2
r2
∂f1
∂θ
+
2
r
∂2f1
∂r∂θ
+
2
r2 sin θ
∂2f3
∂θ∂ψ
}
u2
+
{
−
∂2f3
∂r2
−
2
r
∂f3
∂r
+
1
r2 sin2 θ
f3 −
1
r2
∂2f3
∂θ2
−
cot θ
r2
∂f3
∂θ
+
1
r2 sin2 θ
∂2f3
∂ψ2
+
2
r2 sin θ
∂f1
∂ψ
+
2
r sin θ
∂2f1
∂r∂ψ
+
2
r2 sin θ
∂2f2
∂θ∂ψ
}
u3. (29)
5 Applications
A three-dimensional displacement field ~f in a homogeneous isotropic linear elastic material
without volume forces is described by the Lame´-Navier system:
Lλ,µ[~f ] := µ~∆[~f ] + (µ+ λ)grad[div[~f ]] = 0, (30)
where µ > 0, λ > −
2
3
µ. See [1], [14] and [16].
It is worth mentioning here that in [16] the operator (20) appears when the Poisson
constant σ :=
λ
2(λ+ µ)
equals
3
4
, and for this case the equation:
− ~˜∆[~f ] = 0,
have an infinity of solutions.
We now proceed obeying the calculation from [18]. Adding (17) to (20) one gets:
grad[div[~f ]] = −
1
2
(
D2MT [
~f ] +DMTD
r
MT [
~f ]
)
. (31)
As a matter of fact, the Lame´ equation (30) can be rewritten in the form:(
µ+ λ
2
)
DMTD
r
MT [
~f ] +
(
µ+
µ+ λ
2
)
D2MT [
~f ] = 0, (32)
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Let us denote α :=
µ+ λ
2
and β :=
3µ+ λ
2
, then we have:
Lλ,µ[~f ] = αDMTD
r
MT [
~f ] + βD2MT [
~f ]. (33)
Having in mind the conditions relating λ, µ in (30), it is easily seen that α 6= 0 and β 6= 0.
The corresponding expressions for Lλ,µ[~f ] in general orthogonal curvilinear coordinates:
Lλ,µ[~f ] = µ~∆[~f ] + (µ+ λ)grad[div[~f ]]
= µ
(
grad[div[~f ]]− curl[curl[~f ]]
)
+ (µ+ λ)grad[div[~f ]]
=
{
2µ+ λ
h1
∂
∂q1
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
2µ+ λ
h1
∂
∂q1
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
2µ+ λ
h1
∂
∂q1
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
−
µ
h2h3
∂
∂q2
[
h3
h1h2
∂(h2f2)
∂q1
]
+
µ
h2h3
∂
∂q2
[
h3
h1h2
∂(h1f1)
∂q2
]
+
µ
h2h3
∂
∂q3
[
h2
h1h3
∂(h1f1)
∂q3
]
−
µ
h2h3
∂
∂q3
[
h2
h1h3
∂(h3f3)
∂q1
]}
u1
+
{
2µ+ λ
h2
∂
∂q2
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
2µ+ λ
h2
∂
∂q2
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
2µ+ λ
h2
∂
∂q2
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
−
µ
h1h3
∂
∂q3
[
h1
h2h3
∂(h3f3)
∂q2
]
+
µ
h1h3
∂
∂q3
[
h1
h2h3
∂(h2f2)
∂q3
]
+
µ
h1h3
∂
∂q1
[
h3
h1h2
∂(h2f2)
∂q1
]
−
µ
h1h3
∂
∂q1
[
h3
h1h2
∂(h1f1)
∂q2
]}
u2
+
{
2µ+ λ
h3
∂
∂q3
[
1
h1h2h3
∂(h2h3f1)
∂q1
]
+
2µ+ λ
h3
∂
∂q3
[
1
h1h2h3
∂(h1h3f2)
∂q2
]
+
2µ+ λ
h3
∂
∂q3
[
1
h1h2h3
∂(h1h2f3)
∂q3
]
−
µ
h1h2
∂
∂q1
[
h2
h1h3
∂(h1f1)
∂q3
]
+
µ
h1h2
∂
∂q1
[
h2
h1h3
∂(h3f3)
∂q1
]
+
µ
h1h2
∂
∂q2
[
h1
h2h3
∂(h3f3)
∂q2
]
−
µ
h1h2
∂
∂q2
[
h1
h2h3
∂(h2f2)
∂q3
]}
u3. (34)
Acknowledgements
The authors were partially supported by Instituto Polite´cnico Nacional in the framework of
SIP programs and by Fundacio´n Universidad de las Ame´ricas Puebla, respectively.
11
References
[1] Barber, J. R., Klarbring, A. Solid mechanics and its applications. Springer, Berlin, Vol.
107 (2003)
[2] Bitsadze, A. V. Some classes of partial differential equations. Translated from the Rus-
sian by H. Zahavi. Advanced Studies in Contemporary Mathematics, 4. Gordon and
Breach Science Publishers, New York, xiv+504 pp. (1988)
[3] Dzhuraev, A. Methods of singular integral equations. Translated from the Russian;
revised by the author. Pitman Monographs and Surveys in Pure and Applied Mathe-
matics, 60. Longman Scientific & Technical, Harlow; copublished in the United States
with John Wiley & Sons, Inc., New York. xii+311 pp. (1992)
[4] Fu¨ter R. Analytische funktionen einer quaternionen variablen. Commentarii Mathe-
matici Helvetici; 4:9–20. (1932).
[5] Griffiths, D. J., College, R. Introduction to electrodynamics. Pearson (2013)
[6] Grigorev, M. Y. Three-dimensional quaternionic analogue of the Kolosov-Muskhelishvili
formulae. Hypercomplex analysis: new perspectives and applications, 145-166, Trends
Math., Birkha¨user/Springer, Cham. (2014)
[7] Grigorev, M. Y. Three-dimensional analogue of Kolosov-Muskhelishvili formulae, Mod-
ern Trends in Hypercomplex Analysis, Trends in Mathematics, 203–215 (2016)
[8] Grigorev, M. Y. Regular quaternionic polynomials and their properties, Complex Vari-
ables and Elliptic Equations, 62:9, 1343–1363 (2017)
[9] Gu¨rlebeck, K., Spro¨ssig, W. Quaternionic Analysis and Elliptic Boundary Value Prob-
lems. Birkha¨user, Basel (1990)
[10] Hirota, I., Chiyoda, K. Vector laplacian in general curvilinear coordinates. Electronics
and Communications in Japan. Vol. 102, No. 2, 1–8 (1982)
[11] Kennedy, W.L. The value of curl(curlA) − grad(divA) + div(gradA) for an absolute
vector A. arXiv:1409.5697v1 [physics.gen-ph] 17 (2014)
[12] Kravchenko, V. V. Applied quaternionic analysis. Research and Exposition in Mathe-
matics, 28. Heldermann Verlag, Lemgo, iv+127 pp. (2003)
[13] Kravchenko, V. V., Shapiro, M. Integral representations for spatial models of mathe-
matical physics (Vol. 351). CRC Press (1996)
[14] Lame´, G. Sur les surfaces isothermes dans les corps homoge`nes en e`quilibre de tempra-
ture. Journal de mathe´matiques pures et applique´es; 2:147–188 (1837)
[15] Macdonald, A. A survey of geometric algebra and geometric calculus. Advances in
Applied Clifford Algebras. 27, no. 1, 853–891 (2017)
12
[16] Mikhlin, S. G. Multidimensional Singular Integrals and Integral Equations [in Russian],
Fizmatgiz, Moscow (1962)
[17] Moisil Gr, The´odoresco N. Functions holomorphes dans lespace. Mathematica, Cluj;
5:142–159 (1931)
[18] Moreno G. A., Moreno G. T., Abreu B. R., Bory R. J. Inframonogenic functions and
their applications in 3dimensional elasticity theory. Mathematical Methods in the Ap-
plied Sciences; 110. https://doi.org/10.1002/mma.4850 (2018)
[19] Moon, P., Spencer, D. E. The meaning of the vector Laplacian. Journal of the Franklin
Institute, 256(6), 551–558 (1953)
[20] Moon, P., Spencer, D. E. Field theory handbook. Including coordinate systems, differ-
ential equations and their solution. Springer-Verlag, Berlin-Go¨ttingen-Heidelberg 1961
vii+236 pp. (2012)
[21] Piercey, V. I. The Lame´ and metric coefficients for curvilinear coordinates in R3, un-
published. Available: http:/ odessa.phy.sdsmt.edu/ andre/ (2007)
[22] Redzic, D. V. The operator ∇ in orthogonal curvilinear coordinates. European Journal
Physics 22, 595–599 (2001)
[23] Safarov D. K. On well-posedness of problems for nonclassical systems of equations.
Complex methods for partial differential equations (Ankara, 1998), 97–102, Int. Soc.
Anal. Appl. Comput., 6, Kluwer Acad. Publ., Dordrecht (1999)
[24] Tai, C. T. A Historical Study of Vector Analysis Technical Report RL 915-The Uni-
versity Of Michigan Radiation Laboratory Department of Electrical Engineering and
Computer Science Ann Arbor, Michigan 48109–2122 USA (1995)
13
